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Hook’s Law for elastic solids
Valid for infinitesimally small displacements

Newton’s Law for viscous fluids
Valid for arbitrarily large displacement gradients
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Viscous fluid
no memory of past events

Elastic Solid
Remembers where it was at to
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dashpotspingtotal ddd 
The total 
displacement is:

Use of Spring 
(elastic behavior) 
and dashpot 
(fluid behavior) 
in series.

The (small) displacements can be added

Initial State:
No Force Imposed

Final State:
Force, f, resist to 
the displacement
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When the resistances are in 
parallel, the Kelvin-Voigt 
model is derived
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It can predict the gradual
increase of shear stress
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Predicts realistic behavior 
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Can describe relaxation for 
more extended periods of time
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Consider a sequence of small 
deformations where their 
response is linear. 
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For the 1st deformation the 
stress is:

For the 2nd deformation the 
stress is:
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It reminds us that 
we have to take 
into account the 
history of the 
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For all stress 
components:
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In the LVE
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Differential form of the 
Maxwell model

Integral form of the 
Maxwell model

Generalized Maxwell 
model (N-Modes)

General
Viscoelastic Model



• Predict Constant shear viscosity (no shear thinning, small strain rates).
• Assume that strains can be added (small strains)
• Like in generalized Newtonian models, stresses are proportional to strain

rates. Hence they cannot predict Normal Stresses in shear flow.
• Their predictions are not frame-invariant!

Cons

Pros

• The first set of constitutive relations with “memory”
• Can predict SAOS & Step Change Flows well
• Easy Calculations
• Can approximate start-up and cessation flows



       

       

cos sin

sin cos

o o

o o

x x x Wt y y Wt

y x x Wt y y Wt

    


    

The rotating coordinate system is 
related to the Cartesian one via:

Constant velocity is applied on the 
upper plate of a Couette device:

Steady state 
shearing flow

Table rotating 
with angular 
velocity W

xu y

xu y where 1

The rate of strain tensor based on 
the observer xyz-system is:
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The integral form of the GLVM stress tensor is 
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 The stress tensor depends on the rotation velocity of the moving 
coordinate system!!!

 The zero-shear viscosity for t=0 is:

       
0 0

G cos 2 G cos 2xy s Ws ds s Ws ds     
 

      

Hence, it depends on the angular velocity!!!

 Also, elastic materials are analyzed under the Lagrangian framework.
Cause? The generalization of Maxwell’s equation to the tensorial form.

Thus, for viscoelastic materials, which are partially elastic, we need a better 
mathematical description to study them in the Eulerian framework.

Solution ?

Objective time derivatives
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In linear viscoelasticity J is independent of το
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Compliance in steady state gives a 
modulus of the final stored elastic 
energy
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Boltzmann superposition results
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Maxwell Model
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tG(t) for polybutylene of high 
molecular weight Μw=940,000 
and zero dispersity in the length 
of macromolecular chains. The 
continuous line depicts the 
predictions of the Maxwell model.


